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NONDESTRUCTIVE EVALUATION OF HARDENING DEPTH ON CYLINDRICAL SURFACE 
USING DISPERSIVE RAYLEIGH WAVE 
INTRODUCTION 
M. Hirao, N. Tanimoto*, and H. Fukuoka 
Faculty of Engineering Science 
Osaka University 
Toyonaka, Osaka 560, Japan 
Surface hardening is a usual treatment to ~ncrease the tolerance for 
fatigue, fretting corrosion, and wear of steel parts such as gears and 
axles. Typical operation is the induction hardening, in which the surface 
is heated using a high-frequency AC current and then quenched to form a 
"hard" layer of martensite on the surface. At the same time, the volume 
expansion associated with the martensite transformation generates the 
compressive residual stress, which works to restrain the crack initiation 
and progression. 
Surface layers thus produced possess different elastic constants and 
density from those in the substrate. The hardness increases by a few 
times, while the c~2nge in these elastic properties is very small, being 
in the order of 10 or less. The difference of elastic properties never-
theless contributes to make the Rayleigh surface wave dispersive. The 
Rayleigh wave is sensitive to the surface condition and sub-surface gradi-
ent because of its skin effect and it offers an access to evaluate the 
surface-layer structure nondestructively. 
In this paper, we develop a nondestructive technique with which the 
surface-layer structure can be reconstructed from the dispersion proper-
ties of the Rayleigh wave. For the Rayleigh wave propagating in the 
circumferential direction of a cylinder, there occurs "geometrical disper-
sion", depending on the radius/wavelength ratio, on which the material-
induced dispersion is superimposed. To separate two sources of disper-
sion, we first consider the geometrical dispersion in the absence of the 
inhomogeneity. On the basis of this result, we next formulate a perturba-
tion scheme in order to take the weak material inhomogeneity at the 
surface into account. In experiment, we use steel specimens subjected to 
the induction hardening. The result of the nondestructive evaluation is 
finally compared with the Vickers hardness distribution measured destruc-
tively. To date, the hardness testing is the most reliable technique to 
inspect the surface layer. It is desirable to have a nondestructive means 
for this purpose. 
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RAYLEIGH WAVE DISPERSION DUE TO CURVATURE 
The Rayleigh surface wave is not dispersive. that is. its propagation 
velocity is independent of the frequency when it is propagated along a 
stress-free flat surface of a homogeneous isotropic solid. This is not 
the case for the propagation on curved surfaces. The velocity varies as a 
function of the curvature times the wavelength. 
The simplest case is the propagation in the circumferential direction 
on a cylindrical outer surface (convex). for which the dispersion relation 
is given by 
J +2 (aa)+J 2 (aa)+2(1-a 2 /8 2 )J (aa) p p- p (1) 
where J is the Bessel function of order P• p = 2na/A (angular wavenum-
ber). aP= w/VL. and 8 = w/VT. a being the radius of the cylinder. The 
wavelength is denoted by A and the angular frequency by w = 2nf. Disper-
sion relation (1) has been derived by solving the equations of motion in 
the cylindrical coordinates with the stress-free boundary condition at r = 
a [1]. Figure 1 shows the calculated dispersion curve of phase velocity 
normalized by VT. the shear-wave velocity. The normalized velocity always 
exceeds the value for the flat surface (.923), which it approaches asp 
(or a) increases. The numerical solution also shows that. with decreasing 
P• the wave energy is more concentrated near the surface when the depth is 
normalized with the wavelength. 
In the experiment we will measure the phase velocity in the frequency 
range of 0.5 to 2.0 MHz, which approximately corresponds to p = 100 to 400 
rad with a= 104.65 mm. Figure 1 then predicts the velocity change of 
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Fig. 1. Geometrical dispersion of Rayleigh wave on a cylindrical 
surface. 
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more than 1 % due to the curvature. This is a small effect. But it is of 
the comparable magnitude to that due to the metallugical change with 
induction hardening, proving the necessity of involving the curvature 
effect in the consideration. 
PERTURBATION THEORY 
Provided the material is isotropic, there are two elastic constants 
and density which determine the Rayleigh wave velocity. In the surface 
layer, these three parameters are slightly modified accompanying the 
change in the microstructures. If their distributions are known as 
functions of the depth from the surface, we can calculate the Rayleigh 
wave velocity as a function of frequency on the basis of the perturbation 
theory of Auld [2]; this is a direct problem. We are interested in the 
inverse case; that is, we intend to find the layer structure from experi-
mentally measured dispersion curve on a cylinder. 
For this, we rewrite his formula in the cylindrical coordinates and 
we furthermore assume that one of Lam~ constants (A) and the density are 
left unchanged. This simplification is bas~~ on the fact that the density 
decrease on quenching is in the order of 10 and the change in A is less 
influential [3,4]. Final formula is 
a * * * VR • )ll J ( 2£ E -E E -E E e e ) F ( r) dr 
r=a 0 re re rr ee rr 
(2) 
where VR is the solution of Eq. (1) and VR is the phase velocity in the 
solid cylinder with a surface layer which-bas a slightly different elastic 
constant from the substrate. Their difference, ~Va' arises from the sub-
surface gradient of )l, which has been normalized w~th respect to its 
variation at the surface as 
)l (3) 
Characteristic function F(r) tends to zero as r approaches to a. In Eq. 
(2), e:, o, and v are strain, stress, and particle velocity, respectively, 
of th; Rayeligh-wave traveling on the homogeneous cylinder having radius a 
and the same elastic constants with the substrate; * indicates the complex 
conjugate. Note that both VR and ~VR as well as ~· £• andy are frequency 
dependent. 
The problem we now have is to solve Eq. (2) for F(r) with a measured 
dispersion curve ~VR(f) in the left-hand side. All other quantities are 
given by the solution in the homogeneous case. A general method to solve 
this integral equation was presented by Szabo [4] and Richardson [5], who 
expanded both ~VR and F into polynomial series in terms of wavelength and 
depth, respectively, and obtained the relations connecting their expansion 
coefficients to each other through an inverse Laplace transformation. This 
method is, however, only applicable to the case of flat surfaces. 
We here use an empirical technique based on "master curves". As-
suming the Gaussian distribution for F, that is, 
F(r) = exp[-c 2 (1-r/a) 2 ], (4) 
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Fig. 2. Computed dispersion curves for Gaussian distribution of 
~ variation with depth. 
we compute ~VR(f) using Eq. (2) with various values of factor c, which 
determines the slope, and obtain a set of master curves as shown in Fig. 
2. Comparison between experimental ~VR(f) and the master curves gives the 
best fitting c and ~~~ -· /~, thus inferring the structure of the surface 
layer. It is seen in FI~. 2 that ~VR curve shifts to the lower frequency 
side as the layer thickness increases. 
EXPERIMENTAL PROCEDURE 
A pair of PZT transducers, 2.25 MHz center frequency, were used with 
acrylic wedges (Fig. 3). Received signal was processed through a broad 
band amplifier and a digital boxcar integrator (10 bit voltage resolu-
tion), where the waveform was ensemble-averaged over 256 repetitions to 
suppress random noise. Digitized signal was then sent to a personal com-
puter in which the fast Fourier transformation (FFT) was carried out to 
have the phase spectrum. We repeated the above procedure by changing the 
transducer separation from 110 to 150 mm (four locations) and obtained the 
phase lags of each frequency component as a function of the changing prop-
agation distance. The slope of the line fit to the phase-lag vs. distance 
relation gave the phase velocity. The phase contains an ambiguity of 2nTI. 
In the present case, the integer n was roughly determined from VR and then 
adjusted to render the best linear fitting. The above method needs the 
waveform data for at least two locations to yield a continuous dispersion 
curve. 
We used four specimens in shape of solid cylinder, being 209.3 mm 
diameter. The material was a carbon steel containing carbon by 0.42 wt %. 
Specimen labeled C-0-0 was not subjected to the induction hardening, while 
other three were given different levels of induction hardening. The 
Vickers hardness was measured at 200 in the substrate and was around 570 
near the surface; the total depth of hardening was 2.0 mm for specimens C-
3-1 and C-3-2 and 5.8 mm for C-3-3. 
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Fig. 3. Measurement of dispersion curve for the Rayleigh wave travel-
ing in the circumferential direction on the cylindrical 
surface. 
ESTIMATION OF SURFACE LAYER 
Figure 4(a) presents the dispersion curves measured experimentally. 
Even in the untreated specimen (C-0-0), we see a velocity change with fre-
quency, which agrees with the theoretical prediction (Fig.1). We sub-
tracted this curv~ from others to reduce ~VR(f) which is to be compared to 
the master curves (Fig. 2). The negative values of ~VR and its decrease 
with increasing frequency show the lower-velocity surface layer. (Harden-
ing, or the increase in the resistence to plastic deformation, does not 
necessarily mean the elastic stiffening. Cold working and carburizing 
show the same tendency as the induction hardening. Nitriding produces a 
higher-velocity surface layer [6,7].) 
Despite the data lacking in the lower frequency range due to the 
finite band width of the transducers, we can say that the surface layer of 
specimen C-3-2 is a little thicker than C-3-1 and they are much thinner 
than that of C-3-3. To be more quantitative, these ~V curves are com-
pared with the master curves on a computer display to find c and ~~~ _ /~ 
that give the best overlapping. Once c is given in this way, Eq. (4)-a 
estimates the variation of ~· Figure 5 compares the results of F(r) with 
the normalized ditribution of Vickers hardness. 
DISCUSSION 
Figure 5 illustrates an excellent agreement between the hardness 
distribution and the variation of ~ estimated with the dispersive Rayleigh 
wave. But it is questionable whether this applies to any surface treat-
ment. First of all, F(r) has to be expressed in a rather simple function 
with a couple of adjustable factors. We should know the functional form 
in advance to make useful master curves. Second, the changes in hardness 
and elastic constants cannot be directly linked to each other on a sound 
physical background, though both result from the same metallurgical modi-
fication. Their relation depends on the particular operation and material 
and a general theory has not yet been established. 
As mentioned earlier, there exists a compressive residual stress in 
the induction-hardened surface layer and, for being balanced, a tensile 
stress in the underlying matrix. The ve!~city change due to stress is, 
however, as small as ~V /V = -3.2 x 10 , even if the planar isotropic 
compressive stress of 4Bo ~Pa is acting. To make this estimate, we used 
the acoustoelastic constants for the Rayleigh wave in a mild steel [8]. 
The stress contribution to the dispersion can then be ignored. 
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Fig. 4. Experimentally determined dispersion curves. (a) VR; (b) ~VR 
calculated by subtracting the C-0-0 curve from VR. 
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Fig. 5. Comparison between the solution F(r) and the hardness distri-
bution. The hardness has been normalized with its maximum 
(~ Hv 570) and the minimum(~ Hv 200). 
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